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A NOTE ON CHARACTERISTICS FUNCTIONS WHICH

VANISH IDENTYCALLY IN AN INTERVAL
by

Wealter L. Saith

Some years ago, in connection with some unpublished work in the
theory of queues, the question arose as to vhether the characteristic
finction of a non-negative rendom variable could vanish identicelly in
an interval. The purpose of this note is to show that such a thing 1is
impossible.

There are, of course, charecteristic functions vhich vanish identi-
cally in intervals. In fact the probability density function

£(x) = 2 ein ’ nw<x<+n ,

X X

is associated with the characteristic function

g =21-o| , Jo| <1,
0 » Bl >,
vhich vanishes in semi-infinite intervals. This characteristic functionm,
however, is associsted with a distribution over both positive and nega-
tive values. It is not clesr what can be achieved for distributions

over positive values only, although the following easily proved theorem

gives some indications.

Theorem 1. If 0<9Q <02<:2<... is an increasing sequence of

1
angles, and if kl’ ke, lb, .o+ 18 a sequence of pogsitive integers,

and 1if




o k
(1) z 2 < o R
nwl On

then there is a non-necative rendom variable vhose characteristic funetion {
vanishes at 01, °2’ 93, +esy the zero at °n being kn-fold, for all n. '

Proof. Let X, be a random variable associated with the probadbility
density function

) {

2n :

£(x) s —2— for 0< x< &, 5

B 2 x - T *a

) othervise. ’f

voon (kn)
Let xn’ )&) 9 ceny )S‘ be k_  independent reandom variables distributed
n (k )

lke X, and write zn-zg;+x; ¥ oeeo 4 &“ . Then

x
® v oz &‘mn i Q‘““n"/% ain ® (x 0/ky)

(x 0/6,)
and
xk

(3) gz = L ’

n °n

2
(8) P, S
3¢,

Furthermore, in view of (1), the rendon variadbles iznz are uniformly
bounded. Thus if zl, za, 2.3, .+ &re independent, the series

[}
S = ¢ Z
w1

is alnost certainly convergent, in virtue of the three series theorem and



(1), (3), and (4). The characteristic function of § is evidently

(5  §6) = T v O

ne=l

vhere wn(G) is given in (2). Since S 1s non-negative and @(Q) obe
viously hes e kn-rold zero at °n’ for all n, the theorem is proved.

Ve 4o not for a ncment suppose that Theorem 1 1is the strongest
possible result of its kind that can be proved. It merely provides, as
we have said, some indication of the distribution of seros which can occur.
Iv would naturally be of interest to obtain critical results, but we have
been unable to obtain such. Nevertheless the following theorem shows that
the cheracteristic function of a non-negative randon variable has some

restriction on the location of its zeros.

Theoren 2. If @(Q) is the characteristic function of s non-negative

random variable then @#(Q) cannot vanish identically in an interval.

Proof:- Let F(x) be the distribution function of the non-negative
randon variable and write

(6) ¥ (u+iv) f e:I.(u-t-i.v)x a(x)

(o]

(7) O (u+iv) = ¥ (u + iv)
1-4i(u+ 1v)

Evidently ¢ (u + iv) is regular for v >0 and, since [f(u + iv)]| <1

for v>0,




+o
f |6 (u+tv) |° an
=il

exists and is bounded for every positive v.
Thus, for v >0, by Titchmarsh (1943, p. 125), we have, for T & > O,

+00
® el =y [ . w,

vhere, in the present situation, ¢ (u) is the ordinary limit as v —=> O+
of ¢ (u+ iv). Thus

]
o (u) = y(w __2 f eI ap (x) .
l-1u l-1iu 5
Now suppose the characteristic function ¥(u) vanishes identically
in (a,b), a <b. Then (8) may be wewritten, for I z >0,

u=-2

8 +o0
-t g (u .
® o) -2 J+ 1;[ A R

The right side of (9) is a regular function of z in the upper half-
plane. It 1s not hard to see that this regular function can be amalytically
continued, by a well-known expansion method, through the segment (a,b) on
the real axis into the lower helf-plane. Thus ¢(s) is regular in an open
dossin vhich contains a 1limit point of geros. This implies that o(z)
vanishes identically, and thus provides a contradiction. Ve my therefore
conclude thet o(u) cannot vanish identically in an intervel.

We point out that an alternative proof of Theorem 2 can be deduced from
a result of Bieberbech (1931 , p. 156) concerning functions amalytic in

a circle.

L e




REFERENCES

BIERBERBACK, L., (1931). 'lehrbuch der Funktionentheorie' Band II, 2nd.

E4. 3B. G. Teubner, lLeipzig and Berlin.

TITCHMARSH, E. C., (1948). ‘'Theory of Pourier Integrels', 2nd. Ed.
Oxtord University Press.

il e o " s 11 o 4 dibtinss+ 4



